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1. Introduction 

The aim of this paper is threefold: 

a) Finding new direct and inverse results in the additive number theory concerning 
Minkowski sums of dilates. 

b) Finding a connection between the above results and some direct and inverse prob- 
lems in the theory of Baumslag-Solitar (non-abelian) groups. 

c) Solving certain inverse problems in Baumslag-Solitar groups or monoids, assuming 
appropriate small doubling properties. 

We start with our first topic (a), concerning the additive number theory. In this 
paper Z denotes the rational integers, N denotes the non-negative elements of Z 
and the size of a finite set A will be denoted by \A\. Subsets of Z of the form 

r * A = {rx : x G A}, 

where r is a positive integer and A is a finite subsets of Z, are called r -dilates. 
Minkowski sums of dilates are defined as follows: 

r\ * A + ... + r s * A = {riXi + ... + r s x s : Xi E A, 1 < i < s}, 

These sums have been recently studied in different situations by Nathanson, Bukh, 
Cilleruelo, Silva, Vinuesa, Hamidoune, Serra and Rue (see [9], PQ, [3], [2], [7]). In 
particular, they examined sums of two dilates of the form 

A + r*A = {a + rb\ a,b G A} 

and solved various direct and inverse problems concerning their sizes. 
For example, it was shown in [5] that 

\A + 2*A\> 3\A\ -2, 
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which represents a direct result. Moreover, they solved the following inverse problem: 
what is the structure of the set A if 

\A + 2* A\ = 3\A\ -2? 

Their answer was that in such case A must be an arithmetic progression. 

Inverse problems of this type, where the exact bound is assumed, will be called 
ordinary inverse problems. The term extended inverse problem will refer to inverse 
problems in which a small diversion from the exact bound is allowed, still enabling 
us to reach a definite conclusion concerning the structure of A. 

As an example of an extended inverse problem, consider the following question: 
what is the structure of the set A if 

\A + 2* A\ < 4|A| — 4? 

Our answer to this question is: 

(A) . If \A + 2 * A\ < 4\A\ — A, then A is a subset of an arithmentic progression 
of size < 2\A\ — 3. (see Theorem HJ Section 3) 

The above mentioned authors and others studied also the sums A + r * A for r > 3. 
In this direction we proved the following new (direct) result: 

(B) . If r > 3, then \ A + r * A\ > 4\A\ — 4. (see Theorem [6j Section 5) 

This very useful result yields a uniform bound for all sets A and for r > 3. In the 
literature, most bounds of this type are asymptotic. 

We continue now with the second topic (b), dealing with a connection, noticed by 
us, between results concerning sums of dilates and some problems in the theory of 
Baumslag-Solitar groups. 

If S and T are subsets of a group G, their product is defined as follows: 

ST = {st | seS, t G T}. 

In particular, S 2 = {s\S2 | si, S2 G S} and if b G G, then bS = {bs \ s G S}. 

For integers m and n, the general Baumslag-Solitar group BS(m, n) is a group with 
two generators a, b and one defining relation b~ l a m b = a n : 

BS{m,n) = (a,b\ a m b = ba n ). 

We shall concentrate on 

G = BS(l,n) = (a,b\ ab = ba n ). 

Let S be a finite subset of G of size k\ contained in the coset b r {a) for some r G N 
and let T be a finite subset of G of size ki contained in the coset b s {a) for some s G N. 
Then 

S = {b r a X0 } b r a x \... } b r a Xk ^}, 
where A = {xo, x±, . . . , x^-i} is a subset of Z. We introduce now the notation 

S = {b r a x : x G A} = b r a A . 
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Thus \S\ = \A\. 

Similarly, T = b s a B for some subset B = {y , yi, . . . , yk 2 -i} of Z. Since ah = ba n , 
it follows that a b = ba~ n and 

a x b l = b t a ntx for each xGZ and teN. (1) 

In particular, 

a x b = ba nx for each iGZ. 

Equation (JTJ implies that 

(b r a*){tfa v ) = b r (a*b')a v = b r (b s a nSx )a y = b r+s a n3x+y 
for each x, y G Z and for each r,s6l. Therefore the product set 

ST = {vw | v (z S, w E T} 

can be written as 

ST = {(6^)(& s a») | i e {0, 1, . . . , h - 1}, j e {0, 1, . . . , A; 2 - 1}} (2) 
= {b r+s a nSx * +y > | % G {0, 1, . . . , k - 1}}, j G {0, 1, . . . , k 2 - 1}} = b r+s a nS * A+B 
and \ST\ = \n s * A + B\. 

We have proved the following basic theorem. 
Theorem 1. Suppose that 

S = b r a A C 55(1, n), T = 6 s a B C BS(l,n) 
where r, s G N and A, i? are finite subsets ojTL. Then 

ST = b r+s a nS * A+B 

and 

\ST\ = \n s *A + B\. 

In particular, 

S 2 = b 2r a nr * A+A 

and 

\S 2 \ = \n r *A + A\. 

This result will serve us as the major means for investigating |ST|, and in particular 
|5* 2 |, using information about sizes of sums of dilates. 

Skipping to our third topic (c), dealing with inverse problems in Baumslag-Solitar 
groups, it follows from Theorem [T] and from the results mentioned in topic (a), that, 
using the previous notation, the following statements hold: 

(C) . IfS = ba A C BS(1,2), then \S 2 \ = \2*A + A\. Hence \S 2 \ > 3\S\ - 2 and if 
\S 2 \ = 3\S\ — 2, then A is an arithmetic progression, (see Theorem [2^ a), Section 2) 

(D) . If S = ba A C BS(1,2) and \S 2 \ < 4\S\ - A, then A is a subset of an 
arithmetic progression of size < 2\S\ — 3. (see Theorem [5j Section 4) 
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(E) . If S = ba A C BS(l,r) with r > 3, then \S 2 \ > 4|5| - 4. (see Corollary dj 
Section 5) 

(F) . If S = b m a A C 55(1,2) with m > 2 an integer, then \S 2 \ > 4|5| - 4. (see 
Corollary [2j Section 5) 

For more results concerning 5 2 , when 5 = ba A C BS(l,n), see Section 2. 

Conditions of the type \S 2 \ < 4|5| — 4 are called small doubling property. Our 
final and main result deals with arbitary finite non-abelian subsets 5 of the monoid 
_B5 + (1,2), satisfying the small doubling property IS* 2 ) < 3. 5151 — 4. This monoid is 
defined as follows: 

BS + (1, 2) = {g = b m a x 6 £5(1, 2) : m, x G Z, m > 0} 

and it is a subset of -85(1, 2), which is closed with respect to multiplication. 

We proved the following general result concerning subsets of BS + (1,2) (see The- 
orem [7] in Section 6). 

(G) . If S is a finite non-abelian subset of BS + (1,2) satisfying 

\S 2 \ < 3.5|5| -4, 

then (i) |5 2 | > 3|5|— 2, (ii) S = ba A for some finite subset A of 'Z, which is contained 
in an arithmetic progression of size < 1.5|5| —2 and (Hi) \S 2 \ = 3\S\ —2 implies that 
A is an arithmetic progression of length |5|. 

Our paper is a pilot study in the following more general direction. Let G be an 
infinite non-abelian group of certain type and let 5 denote a finite non-abelian 
subset (i.e. (5) is non-abelian) of G of order k (k-subset in short). It is natural to 
ask the following questions: 

Q.l. Find mg(l;), the minimal possible value of |5 2 | for non-abelian fc-subsets 5 
of G. 

Q.2. What can we say about the detailed structure of extremal k-subsets of G, i.e. 
finite non-abelian subsets 5 of G of size k, satisfying 

\S 2 \ =m G (k)l 

Q.3. More generally, what can we say about the detailed structure of non-abelian 
/c-subsets 5 of G, satisfying some small doubling property, say, 

fTicik) < \S 2 \ < cok + d , 

where Co is a small constant greater than 1 and do is some small constant. 

As mentioned above , we tried to answer these questions in the case of G = -65(1, n) 
and in particular for G = -85(1, 2). We hope that our work will lead to similar studies 
for other classes of non-abelian groups. 

This paper is a contribution to the current programme of extending the Freiman- 
type theory, concerning the structure of subsets of Z with the small doubling property, 
to such subsets of non-abelian groups (see, for example, [1], [6] and [14"]). 
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In this paper we use the following notation. We write [m, n] = [x G Z | m < x < n}. 
The algebraic sum of two finite subsets A and B of Z will be denoted by 

A + B = {a + b | a G A, b G B}. 

In particular, if b G Z, then A + 6 = {a + 6: a6i}. The sum = A + A is called 
the sumset of A. Throughout this paper we shall use the well known inequality 

\A + B\ > \A\ + \B\ - 1. 

Let A = {a < a x < ... < a k _{\ be a finite increasing set of k integers. By the 
length £(A) of A we mean the difference 

£(A) = max(v4) — min(v4) = a k -i — a 

between its maximal and minimal elements and 

h A = e(A) + i-\a\ 

denotes the number of holes in A, that is Ha = | [ao, ctfc-i] \A \. Finally, if k > 2, then 
we denote 

= g.c.d.(ai — ao, ct2 — a 0) a fe-i — a o)- 
We shall use several times the following result of Lev-Smelianski and Stanchescu: 
Theorem LSS. Let A and B be finite subsets ofN such that G A PI B. Define 
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1, if£(A)=e(B), 
0, if£(A)^e(B). 
Then the following statements hold: 

(i) If 1(A) = max(i(A),e(B)) > \A\ + \B\ - 1 - 5 a ,b and d(A) = 1, then 

\A + B\ > \A\+2\B\ -2-S AjB . 

(ii) Ifmax(£(A),£(B)) < \A\ + \B\-2- 5 AB , then 

\A + B\ > (\A\ + \B\ - 1) +max(h A ,h B ) = max(£(A) + \B\,£(B) + \A\). 
Proof. Assertion (i) is Theorem 2 (ii) from [8]. Assertion (ii) is Theorem 4 from 

rjT]. □ 

2. Extremal sets contained in one coset of BS(l,n) 
In this section we consider finite subsets S of 

G = BS(l,n) = (a, 6 | ab = ba n ) 
which are contained in the coset b(a) of (a) in G. In other words, if = k, then 

S = b{a X0 ,a x \...,a Xk - 1 } = ba A , 
where A = {xo, x±, . . . , Xk~i} C Z. 
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In view of Theorem [TJ questions Q.l and Q.2 concerning such S belong to the 
additive number theory: find a tight lower bound for the size of the Minkowski sum 
n * A + A and describe the structure of extremal sets A. 

For n = 2 and n = 3, the answer to questions Q.l and Q.2 are known. Using 
Theorems 1.1 and 1.2 in [3] and Theorem [TJ we get the following group-theoretical 
results: 

Theorem 2. Let A C Z be a finite set of integers. Then the following statements 
hold. 

(a) If S = ba A C BS{1,2), then \S 2 \ > 3\S\ — 2. Moreover, equality holds if and 
only if A is an arithmetic progression. 

(b) IfS = ba A C BS(1,3), then 

\S 2 \ > 4151-4. 

Moreover, equality holds if and only if either one of the following holds: 

A = {0, 1, 3}, A = {0,1,4}, A = 3*{0,...,n}U(3*{0,...,n} + l) 

or A is an affine transform of one of these sets. 

Proof, (a) It follows from Theorems 1.1 in [3] that |A+2*A| > 3|A|-2 and |A+2*A| = 
3 1 -A | — 2 if and only if A is an arithmetic progression. Since \S 2 \ = \A + 2 * A\ by 
Theorem [TJ, we get (a). 

(b) It follows from Theorem 1.2 in [3] that \A + 3 * A\ > A\A\ - 4 and | A + 3 * A\ = 
A\A\ — 4 if and only if either one of the following holds: 

A = {0,1, 3}, A = {0,1,4}, A = 3*{0,...,n}U(3*{0,...,n} + l) 

or A is an affine transform of one of these sets. Since \S 2 \ = \ A + 3*A\ by Theorem [TJ 
we get (b). □ 

For n > 4, Theorem [TJ and known results concerning sums of dilates yield the 
following partial results. 

Theorem 3. Let A C Z be a finite set of integers and let S = ba A be a subset of 
BS(l,n). Then: 

(a) IfSC BS(l,4) and \S\ > 5, then \S 2 \ > 5\S\ - 6. 

(b) IfSCBS(l,n) , then \S 2 \ > (n + 1)\3\ - o(\S\). 

(c) If p is an odd prime number, S C BS(l,p) and \S\ > 3{p — l) 2 (p — 1)!, then 

\S 2 \ > (p + l)\S\ - \k(k + 2)/4]. 

Moreover, equality holds if and only if A = p*{0, m} + {0, for some 
m. 
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Proof. Using Theorem (TJ we get \S 2 \ = \n * A + A\. 

Inequality (a) follows from |,S 2 | = |4 * A + A\ and Theorem 3 in [10J. 
Inequality (b) follows from \S 2 \ = \n * A + A\ and Theorem 1.2 in pQ. 
Assertion (c) follows from \S 2 \ = \p * A + A\ and Corollary 1.3 in [2]. 

□ 

3. An extended inverse result for \A + 2 * A\. 

In this section we extend Theorem 1.1 in [3], which states that |A + 2*y4| > 3|A| — 2 
for any finite subset A of Z and + 2 * A| = 3\A\ — 2 implies that A is an arithmetic 
progression. In Theorem H] below, we prove the following extended inverse result in 
the additive number theory: if A is a finite subset of Z of size \A\ > 3 satisfying 
|A + 2 * A| < 4\A\ — 4, then A is contained in an arithmetic progression of size 
2\A\ — 3 at most. This result will be used in the next section. 

Theorem 4. Let A = {ao < ai < ci2 < • • • < ct>k-i} C Z 6e a finite set of integers of 
size k = \A\ > 1. T/ien i/ie following statements hold. 

(a) // 1 < k < 2, then \ A + 2 * A\ = 3k — 2 and A is an arithmetic progression of 
size k. 

(b) If k > 3, assume that 

\A + 2* A\ = (3k -2) + h< 4/c — 4. (3) 

Then 

h>0, \A + 2* A\ > 3k -2 
and the set A is a subset of an arithmetic progression 

P = {a , a + d,a + 2d, . . . ,a + (I — l)d} 

of size \P\ bounded by 

\P\<k + h=\A + 2*A\-2k + 2<2k-3. (4) 

(c) If k > 1 and |A + 2*A| = 3/c — 2, then A is an arithmetic progression 

A = {a , ao + d,a + 2d, . . . , a + (k — l)d}. 

Proof, (a) If k — 1, then |t4 + 2*t4| = 1 = 3k — 2 and A is an arithmetic progression 
of size k. If = 2 and A = {a < 6}, then 

A + 2 * A = {3a, a + 26, 6 + 2a, 36}. 

Since a 7^ 6, it follows that |yl + 2*y4| = 4 = 3k — 2 and A is an arithmetic progression 
of size k. The proof of (a) is complete. 

(b) We assume now that k > 3 and ([3]) holds. Suppose, first, that A is normal, i.e. 

min(v4) = ao = and d = d(A) = gcd(A) = 1. (5) 

Thus £(A) = Qk-i- 
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We split the set A into a disjoint union 

A = A UA 1 , 

where Aq C 2Z and A\ C 2Z + 1. Since = ao 6 and d(A) = 1, it follows that 
A ^ and Ai 7^ 0. Therefore 

m = \Ao\ > I, n — \ Ai\ > 1 and k = m + n. 

We denote 

A = {0 = 2x < 2xi < ... < 2x m _i}, A* = = {0 < x 1 < ... < x^}, 
At = {2y + 1 < 2 Vl + 1 < ... < 2y n _i + 1}, 

and 

^1 = _1 ) ^ 2/o = {0 < 2/1 — 2/0 < 2/2 — 2/o < ••• < Vn-i - Vo}- 

Thus 

£(A* ) = x m -x < a fc _i = £(A) and also £(A\) = y n _ x - y < a fc _i = £(A). 

The set A + 2 * A is the union of two disjoint subsets A + 2 * A C 2Z and 
v4i + 2*v4C2Z+l and therefore 

|A + 2 * A| = \ Aq + 2 * A| + \A X + 2 * A\ = \A* + A\ + \A\ + A\. (6) 

We continue our proof with two claims. 
Claim 1: 

1(A) < k + max(m,n) -2 < 2k -3. (7) 

For the proof of Claim 1 we shall use Theorem LSS (i). Since £(A) > £(A* ) , £(Al) , 
we have S AA * = S AA * = 0. 

Suppose, first, that m < n. If the claim is false, then 

£{A) > k + n - 1 = \A\ + \A{\ - 1 > k + m - 1 = \A\ + - 1 

and since d(A) = 1, Theorem LSS (i) yields the following inequalities: 

\A* + A\ > k + 2\A*\ - 2 = k + 2m - 2 and \A\ + A\ > k + 2|A*| - 2 = fc + 2n - 2. 

(8) 

Using ([H]) and ([H]), we get that |v4 + 2 * v4| > 4k — 4, which contradicts our hypothesis 
©• 

Similarly, if n < m and 

>k + m-l>k + n-l, 

then c?(y4) = 1 and Theorem LSS (i) imply again the inequalities ([8]), which together 
with ([6]) yield |A + 2 * A| > 4k — 4, a contradiction. 



INVERSE PROBLEMS IN GROUP THEORY 9 

Hence £(A) < k + max(m, n) — 2. Since k = m + n and m, n > 1, it follows that 
max(m,n) < k — 1 and hence ^(A) < k + max(m, n) — 2 < 2A; — 3. The proof of 
Claim 1 is complete. 

Next we state and prove Claim 2. 

Claim 2: 

\A + 2* A\ > (3k -2) + h A . (9) 

Recall that h A = £(A) + 1 — \A\. For the proof of Claim 2 we shall use Claim 1 and 
Theorem LSS(ii). We distinguish between two cases. 

Case 1: Suppose that m < n and hence, by ©, £(A) < k + n — 2. 
Thus it follows by Theorem LSS(ii) that 

\Al + A\ > (n + k - 1) + h A 

and therefore 

\A + 2 * A\ = \A* + A\ + \A\ + A\ 

> (\A*\ + \A\ - 1) + \A\ + A\ > (m + k - 1) + (n + k - 1) + h A 
= (3k - 2) + h A . 

Case 2: Suppose that n < m and hence, by ([7]), £(A) < k + m — 2. 
Thus it follows by Theorem LSS(ii) that 

l^o + A\ > (m + k - 1) + h A 

and therefore 

\A + 2 * A| = \A* + A\ + \A\ + A| > (m + k - 1) + h A + (n + k - 1) = (3A; - 2) + /i A . 

In both cases we obtain that h A , the total number of holes in the normal set A, 
satisfies 

< h A < \A + 2 * A\ - (3k - 2) = h < k - 3. 

Hence 

h>h A >0 and |A + 2 * A| > (3fc - 2). 
Moreover, the set A is contained in the arithmetic progression 

P = {a , a + 1, a + 2, a fc _i} = {0, 1, 2, a fc _i} 

of size 

a fe _i + l = fc + /i j4 <A; + /i<2fc — 3. (10) 

It follows that Theorem H] (b) holds for normal sets A satisfying ([5]) and ([3]). 
Let now A be an arbitrary finite set of /c = | A| > 3 integers satisfying the inequality 
©. We define 

B = o^ iA ' ao) = { d(A) ix - ao):XeA} - 
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Note that \B\ = \A\ = k, min(B) = 0, d(B) = 1 and 

\B + 2 * B\ = \A + 2 * A\ = (3k - 2) + h< Ak - 4. 

Therefore B is a normal set satisfying inequality (J3J) of Theorem [4] and as shown above 

< h B < \B + 2 * B\ - (3k - 2) = \A + 2 * A\ - (3k - 2) = h < k - 3. 

Hence also in the general case we get 

h > and \A + 2 * A\ > (3k - 2). 

Moreover, it follows from ([TO]) applied to B that B is contained in the arithmetic 
progression 

P = {0,l,2,...A-i} 

with 

6 fe _i = max(B) < k + h - I < 2k - A. 
Thus A = d(A)B + ao is contained in an arithmetic progression 

{do, ao + d, ao + 2d, ao + (k + h — l)d} 

of size k + h < 2k — 3, where d denotes d(A). The proof of (b) is complete. 

(c) If 1 < k < 2, then our claim follows from (a). So suppose that k > 3. Then 
h = and by in (b), A is a subset of an arithmetic progression of size k at most. 
But A is a set of size k, so A is equal to the arithmetic progression. The proof of (c), 
and hence also of Theorem HJ is now complete. 

□ 

4. An extended inverse result for subsets of 6(a) in ^(l^). 

In this section we shall apply Theorem H] in order to obtain an extended inverse 
result in group theory. 

Recall that BS(1,2) = (a,b \ ab = ba 2 ). In Theorem [2] we obtained the following 
inverse group-theoretical result: 

If A C Z is a finite set of integers and S = ba A C BS(1, 2), then 

\S 2 \ > 3\S\-2. 

Moreover, equality holds if and only if A is an arithmetic progression. 

Theorem HI together with Theorem [lj allow us to solve the corresponding extended 
inverse group-theoretical problem. 

Theorem 5. Let A CZ be a finite set of integers of size k — \ A\ > 1. If S = ba A is 
a finite subset of the group BS(1,2), then \S\ = k and 

|S 2 |>3A;-2. (11) 

Moreover, if k > 3 and 

\S 2 \ = (3k - 2) + h < A\S\ - 4, (12) 
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then h > and S is a subset of a geometric progression 

S C {ba 11 , ba u+d , ba u+2d , ba u+{k+h - 1)d } 

of size k + h < 2k — 3, where u = min(A) and d = d(A). 

Furthermore, if either l<k<2ork>3 and h = 0, then S is the geometric 
progression 

S = {ba u , ba u+d , ba u+2d , ba u+{k - 1)d } . 

Proof. Clearly \S\ = \A\ = k and by Theorem (TJ IS* 2 ) = |2 * A + A|. Hence it follows 
by Theorem H] that |5 2 | > 3k — 2, proving ffTT]) . 

If k > 3, then f[T2l implies, again by Theorem [TJ that 

\A + 2 * A\ = {3k - 2) + h< 4k - 4. 

Hence it follows by Theorem HJ that h > and A is a subset of an arithmetic 
progression 

P = {u, u + d,u + 2d, . . . ,u + (k + h — l)d} 
of size k + h < 2k — 3, where u = min(A) and d = d(A). Hence 

S C {6a", 6a u+,i , ba u+2d , ba u+{k+h - 1)d } . 

Finally, if either l<fc<2or&;>3 and h = 0, then, by Theorem HI A is an 
arithmetic progression and hence S is the required geometric progression. 

□ 

5. A NEW LOWER BOUND FOR \A + r* A\ AND APPLICATIONS. 

In this section we obtain a new tight lower bound for \A + r * A\, provided that 
r > 3. 

Theorem 6. Let A = {ao < a\ < 02 < ■ ■ ■ < ctfc-i} C Z be a finite set of integers of 
size \A\ — k > 1. Then for every integer r > 3 we have 

\A + r*A\ >max(4A;-4, 1) > 3A; - 2. (13) 

Remark. If r = 3, then Theorem [6] follows from Theorem 1.2 in [3]. If r > 4, then 
the results of p] and [2] are asymptotically stronger than f fT3|) . but we need a lower 
bound valid for every k. Our proof is independent of [3]. 

Proof. If k = 1, then |A + r * A| = 1 = max(4fc — 4, 1) = 3k — 2 and the theorem 
holds. 

If k — 2, then A = {a < 6} and r > 1 implies that a + r6 7^ 6 + ra. Hence 

|A+r*v4| = \{a, b} + {ra, rb}\ = \{(r+l)a, b+ra, a+rb, (r+l)b}\ = 4 = 4A;-4 = 3&;-2, 

so the theorem holds also for k = 2. Therefore we shall assume, from now on, that 
k > 3. Thus, since k > 1, we need only to prove that 

\A + r * A\ >Ak — A. 
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We assume first that A is normal, i.e. 

min(A) = a = and d = d(A) = gcd(A) = 1. (14) 

We split the set A into a disjoint union of s non-empty subsets, each of which being 
contained in a distinct residue class modulo r: 

A = A x U A 2 U ... U A s , 

where 

Ai C £j + rZ, > 1 and Xi = minAj. 

Note that k > 3, d(v4) = 1 and min(v4) = ao = 0, so s > 2. 
We clearly have 

s s 

\A + r * A\ = \ A i + r * A \ > ^(IM + \A\ - 1) = \A\ + s{\A\ - 1). 

i=l i=l 

If s > 3, then we get |A + r * A\ > A\A\ — 3 and Theorem follows. 
Hence we may assume that s = 2 and A = AiUA 2 , where A\ and A 2 are non-empty 
subsets of A contained in disjoint residue classes modulo r. Let 

k% = \Ai\ and k 2 = \A 2 \. 

Then k = k\ + k 2 and we may assume, without loss of generality, that 

ki > k 2 . 

Hence 2k\ > k and k\ > 2. 

Recall that if S is a finite subset of Z, then £(S), the length of S, is defined by 
£(S) = max(S') — min(S'). For j = 1,2 we define 

A* = -(Ai - min(A)) = {\x - x { ) : x e A { }. 

Clearly \A*\ = \Ai\ and we have 

\A { + r* A\ = \A* + A\. 

Thus 

\A + r*A\ = \A 1 + r*A\ + \A 2 + r*A\ = \A* 1 + A\ + \A* 2 + A\. 
Note also that 

t(Ai)>r(ki-l) and £(A*) = -£(A t ), 

r 

so 

h - 1 < £(A*) = -£{Ai) < £{Ai) < £{A). 
r 

Moreover, £(A,) > £(A*) if and only if k t > 1, so £{A X ) > £{A\) since k x > 2. 

Clearly we must have either k\ = k — 1 > k 2 = 1 or k\ > k 2 > 1 . We shall examine 
these two cases separately. 
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Case 1: Suppose that ki — k — 1 > k 2 — 1. We have k — k\ + 1 and £(A) > 
£{A X ) > £{A\). Moreover, 

£{A) > £{A X ) > r(ki - 1) > 3h - 3. 

We distinguish now between two complementary subcases. 

(i) Suppose that £(A) > k + h - 1 = 2k x . Then, since d{A) = 1, Theorem LSS(i) 
implies that 

\A + A\\ >k + 2k x -2. 

(ii) Suppose that £{A) < k + ki — 2 = 2ki — 1. Then, since fci > 2, Theorem LSS(ii) 
implies that 

\A + Al\ > Z( A ) + \ A i\ > 3fci - 3 + fci = 4fci - 3 > 3h - 1 = k + 2k x - 2. 

Thus in both cases we have 

\A + r * A\ = \A\ + A| + + A| > (k + 2k x - 2) + k = Ak - 4, 

as required 

Case 2: Suppose that k x >k 2 > 1. Then 

£(A)>£(^), £(A)>^) 

and 

> > r(fci - 1) > Ski ~ 3 
for i — 1,2. We distinguish now between three complementary subcases. 

(i) Suppose that £(A) > k + k x - 1. Then also > fc + k 2 - 1 and since d(A) = 1, 
Theorem LSS(i) implies that 

|A + A; | > k + 2h -2, |A + A*| > k + 2k 2 -2. 

Hence 

\A + r*A\ = \A\ + A\ + \A* 2 + A\ > (k + 2k 1 -2) + (k + 2k 2 -2) = Ah+Ak 2 -A = Ak-A, 
as required. 

(ii) Suppose that k + k 2 - 1 < £(A) <k + k t -2. Then 

fci > A; 2 + 1 

and since d(A) = 1, Theorem LSS(i) and (ii) imply that 

\A + Al\ > Z( A ) + \ A *i\ > 3h - 3 + h = Ah - 3 and |A + A* 2 \ > k + 2k 2 - 2. 
Hence 

| A + r * A| = \A\ + A| + + A\ > 5h + 3k 2 -5> Ah + Ak 2 - 4 = Ak - 4, 
as required. 

(iii) Suppose that £(A) < k + k 2 - 2. Then 3fci - 3 < £(A) < h + 2A; 2 - 2, yielding 
2k\ < 2k 2 + 1. Since h > k 2 , it follows that 

h = h>2 
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and 

3ki - 3 < r{ki - 1) < l{Ai) < K A ) < k + k 2 - 2 = 3h - 2 = 3k 2 - 2. 

We claim that t(A) = 3fa - 2. Indeed, if 1(A) = 3h - 3, then £(A X ) = £(A 2 ) = 
£(A) = ak-i- But afe_i ^ Ai for some z and hence £(Ai) < a^-i, a contradiction. This 
proves our claim. 

Recall that £(A) > £{A\) and £{A) > £(A*). Since £(A) = 3h - 2 = k + {h - 2) = 
|A| + - 2 for i = 1, 2, it follows, by Theorem LSS(ii), that 

\A + r*A\ = \A* 1 +A\ + \A* 2 + A\ > £(A) + h + £(A) + k 2 = 2(3h - 2) + k = Ak - 4, 

as required. Our proof in Case 2 is complete. 

So Theorem [6] holds for normal sets A. Let A be now an arbitrary finite set of 
k = \A\ > 3 integers. We define 

B = o^ iA - ao) = { aXA) {x - ao):XeA} - 

Note that |S| = \A\ = k, min(B) = 0, d(B) = 1 and \A + r * A\ = \B + r * B\. For 
the normal set B we have proved that \B + r * B\ > 4|5| — 4. It follows that 

\A + r* A\ = \B + r* B\ > A\B\ -4 = 4| A\ -4, 

as required. The proof of Theorem [6] is complete. □ 

Theorem [6] yields the following two applications. Here is the first one. 

Corollary 1. Let S C BS(l,r) be a finite set of size k = \S\ > 1 and suppose that 
r > 3 and 

S = ba A , 

where A C Z zs a finite set of integers. 
Then 

\S 2 \ = \A + r*A\> max(4A; - 4, 1) > 3Jfe - 2. (15) 

Proof. By Theorem CD, |5* 2 | = |A + r * A| and hence, by Theorem El \S 2 \ > max(4fc — 
4, 1) > 3k — 2, as required. □ 

Our next application will be used several times in the proof of the main Theorem [7] 
in Section 6. 

Corollary 2. Let S C BS(1, 2) be a finite set of size k — \S\ > 1 and suppose that 

S = b m a A , 

where m > 2 is an integer and A C Z is a finite set of integers. 
Then 

S 2 = h 2m a A^A_ (16) 
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and 

\S 2 \ = \A + 2 m * A\ > max(4k - 4, 1) > 3k - 2. (17) 

Proof. By Theorem |,S 2 | = |A + 2 m * A|. Since 2 m > 3, it follows by Corollary □ 
that IS 12 1 > max(4fc — 4, 1) > 3k — 2, as required. □ 

6. An extended inverse result for all subsets of BS + (l,2). 

In Section 5 we proved an extended inverse result for finite subsets of BS(1, 2) 
which are contained in the coset ba z . In this section we solve, using a more detailed 
analysis, a more general problem concerning all finite non-abelian subsets S of the 
corresponding monoid 

BS + (1, 2) = {g = b m a x G BS(1, 2) | x, m G Z, m > 0}, (18) 

which satisfy the more restrictive small doubling property: 

\S 2 \ < 3.5\S\ -4. 

We proved the following theorem. 

Theorem 7. If S be a finite non-abelian subset of BS + (1,2) of size \S\ = k, then 

|S 2 |>3A;-2. (19) 

Moreover, if 

\S 2 \ = (3k-2) + h<3.5k-4:, (20) 

then there exists a finite set of integers ACZ such that 

(a) S = ba A 

(b) The set A is contained in an arithmetic progression of size 

k + h< 1.5k -2. 

Throughout this section we shall use the following notation. BS + (1,2) is the 
monoid defined by (|T8|) . Every element g G BS + (1, 2) can be represented in a unique 
way as a product 

g = b m a\ 

where m G N and x G Z. It follows that for every two distinct natural numbers m ^ n, 
we have 

b m a z nb n a z = 0. (21) 

If 

SC BS + (1,2) 

is a finite subset of BS + (1, 2) of size k — \S\, we define a set of natural numbers 

M s = M(S) C N 
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by the following condition: m G Ms if and only if there is an integer x such that 
b m a x G S. The set S defines M s in a unique way and we will denote it by 

M s = {m <m 1 < ... < m t }, 

where t > and mo > 0. For every < % < t, we define 

S l = Snb m *a z , ki = \Si\. (22) 

Every set Si is non-empty, lies in only one coset of the cyclic subgroup (a) = a z and 
there is a finite set of integers Aj C Z such that 

Si = b m ^a M C 6 mi a z . 

The set S can be written as a disjoint union of t + 1 sets 

S , = 5bUSiU...U5t, (23) 

satisfying 

ki — \Si\ = \Ai\ 1. 
Example 1. Theorem [7] is optimal in view of the following example: 

5 = a Ao U {6} C 55 + (l,2), 

where 

A = {0, 1, 2, k — 2} and is even. 
The set S is clearly non-abelian and 

S 2 = a Ao a Ao U 6a Ao U a A °b U {6 2 }. 

Using a A °b = ba 2 * Ao , we get 

S 2 = a Ao+Ao U (6a A) U ba 2 * Aa ) U {b 2 } = a Ao+A ° U ba A ° u2 * A ° U {b 2 }. 

Since 

it follows by (1211) that the three components of S 2 are disjoint in pairs and hence 

\S 2 \ = \Aq + Aq\ + \A U 2 * Aq\ + 1 = (2Jfe - 3) + (1.5/c - 2) + 1 = 3.5/c - 4. (24) 

This example shows that if \S 2 \ > 3.5k — 4, then we have to take into account sets 
that are not included in only one coset of the cyclic subgroup (a) generated by a. 

The proof of Theorem [7] will follow from Lemmas 1-7 below. 

Lemma 1. Let S C BS + (1, 2) be a finite set of size k = \S\. Suppose that t > 1 and 
there is < j < t such that kj = \Sj\ > 2. Then S generates a non-abelian group. 



INVERSE PROBLEMS IN GROUP THEORY 



17 



Proof. If j = and m = 0, then k = \Sq\ = \A \ > 2 implies that So ^ {1} 
and Aq 7^ {0}. Since t > 1, it follows that there are three integers m,x,z such that 
m > l,i ^ 0, a 1 G 5 and b m a z G Si. In this case 

a x (b m a z ) = b m a z+2mx ^ (&"V)a s = 

and therefore 5 generates a non-abelian group. 
It remains to examine the following two cases: 

(i) 3 > 1. 

(ii) j = and m > 1. 

If j > 1, then rn,j > 1 and fcj = \Sj\ = \b m ^a A ^\ > 2 implies that \Aj\ > 2. On the 
other hand, if j = and mo > 1, then fco = |So| = |6 m °a A °| > 2 implies that \Aq\ > 2. 
In both cases, let m = rrij. Then m > 1 and there are two integers x ^ y such that 
{b m a x ,b m a y } C S^. We conclude that 

(b m a x )(V n a v ) = ti^a***"* ^ (iWXiW) = tf m a x+2my , 
since x ^ y and m > 1. The proof of Lemma [T] is complete. □ 

We shall examine now the case t = 1, i.e. we shall study sets £ lying in exactly 
two cosets. Note that inequality (|2"S"|) in the following Lemma [2] is tight, in view of 
Example 1 . 

Lemma 2. Let S C BS + (1,2) be a finite set of size k = \S\ > 2. Suppose that 
S = U U V with U = b m a M ^ and V = b n a N ^ 0, where < m < n are two integers 
and M,N CZ, T/jen 

|S 2 | > 3.5/t-4. (25) 

Proo/. Clearly = |M| + |iV| and 

5 2 = f/ 2 u (f/u U Uf/) U V 2 . (26) 

Using Theorem [1] we get 

jj2 =b 2m a M + 2^M^ y2 = ^N^n^ = ? (2?) 

UV ={b m a M ){b n a N ) = b m+n a N+2n * M , VU = {b n a N ){b m a M ) = b m+n a M+2m * N . (28) 

Since the sets 6 2m a z , b m+n a z and 6 2n a z are disjoint in pairs, it follows that 

\S 2 \ = \U 2 \ + \{UVUVU)\ + \V 2 \. (29) 

We shall examine now two complementary cases. 
Case 1: 1 < m < n. 

We shall estimate \U 2 \ and \V 2 \ using either Theorem [5] or Corollary [2j We have 
\U 2 \ = \M + 2 m *M\> 3|M| - 2, \V 2 \ = \N + T * N\ > 3\N\ - 2. 
Using p|]) and \UV\ = \N + 2 n *M\> \M\ + \N\ - 1 we conclude that 
|S 2 | > |£/ 2 | + |£/V| + |U 2 | > 3| Af | — 2 + (| Af | + |JV| — 1) + 3|iV| — 2 = 4/c — 5 > 3.5Jfe-4, 
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as required. 

Case 2: = m < n. 

In this case S is a disjoint union of two non-empty sets: 

S = U U V, where U = a u , V = b n a N and n > 1. 

We have 

UV = b n a N+2n * M , VU = b n a M+N . (31) 

Therefore it follows, either by Theorem or by Corollary [2J that 

\U 2 \ = \M + M\, \V 2 \ = \N + 2 n *N\ > 3\N\ -2. (32) 

We also clearly have 

\UV U VU\ = \(N + T * M) U (M + N)\ = \{M U 2" * M) + N\ 

> \{M U T * M)\ + |JV| - 1 > |M| + |JV| - 1. (33) 

Suppose that \M\ = 1. Then it follows from (1531 and (j32jl that 

|5 2 | > 1 + (1 + |JV| - 1) + (3|iV| - 2) = 4|iV| - 1 > 3.5(1 + \N\) - 4 = 3.5\S\ - 4, 

as required. So we may assume that \M\ > 2. 

We shall complete the proof by dealing separately with two complementary sub- 
cases. Denote 

£ = £(M) = max(M) - min(M), d = d(M) = gcd{x - min(M) : x E M} 
and define 

M* = \{M - min(M)), t = i(M*) = max(M*) = - 

(Jj (Jj 

Case 2.1. Assume that £(M*) > 2\M*\ - 2. 

As shown above, we may assume that \M\ > 2. Suppose that \M\ = 2. Then 
M = {a < ax}, which implies that d(M) = a x — ao and M* = {0,1}. Thus 
£(M*) = 1 and by our assumptions 1 = £{M*) > 2\M*\ — 2 = 2, a contradiction. 
Hence we may assume that \M\ > 3, which implies that k = \M\ + \N\ > 3 + 1 = 4. 

Note that d(M*) = 1. By using Theorem LSS(i) for equal summands we get 

\U 2 \ = \M + M\ = \M* + M*\> 3|M*| - 3 = 3\M\ - 3. (34) 
Using d29]), d3JD, (J32D and ([33]), we may conclude that 

\S 2 \ > \U 2 \ + \UVUVU\ + \V 2 \ > (3|M|-3) + (|M| + |JV|-l) + (3|iV|-2) = 4Jfe-6. 

Since k > 4, it follows that IS* 2 ) > 3.5k — 4, as required. 
Case 2.2. Assume that £(M*) < 2\M*\ - 3. 
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In this case, we use Theorem LSS(ii) for equal summands. Let hw = t + 1 — \M*\ 
be the number of holes in M*. We get 

\M + M\ = \M* + M*\> 2\M*\ - 1 + h M * = \M*\+t = \M\ + 1. (35) 

We shall now estimate the size of M R 2™ * M. Note that all the common elements 
of 2 n * M and M lie in the interval [min(M), max(M)] of length £ and the set 2 n * M 
is included in an arithmetic progression of difference 2 n d > 2d. Therefore 



|Mn(2 n *M)| < — + l = - + l (36) 



\M U (2 n * M)| = \M\ + |2 n * M| - \M n 2 n * M\ > 2\M\ - -j - 1- (37) 



and 



Using 029]), (j32|), (133|h (|35p and (j37j) we conclude that 

\S 2 \ > \U 2 \ + \UVU VU\ + \V 2 \ > (38) 

> \M + M\ + (|M U 2 n * M| + |iV| - 1) + (\N + 2 n * N\) 

> (\M\ + 1) + (2\M\ - l - - 1 + \N\ - 1) + (3|iV| - 2) 

= 3|M|+4|iV|-4 + y 

|M*| - 1 

> 3\M\ + A\N\ - 4 + \ = 3.5|M| + 4|iV| - 4.5 > 3.5A; - 4, 

as required. □ 

In Lemmas 3,4,5,6 we shall obtain tight lower bounds for the cardinality of |>S 2 |, 
assuming that ki = \Si\ > 2 for at most one i, < % < t. 

Lemma 3. Let S C BS + (1, 2) be a finite set of size k = \S\. Suppose that 

S = S U SiU ...U S t , (39) 

where t > 2. If ko = \Sq\ > 2 and ki = \Si\ = 1 for every 1 < % < t, then 

\S 2 \ > 4k -5 > 3.5k -4. (40) 

Example 2. Inequality (HUT) is tight. 
If 

S = {1, a} U{M 2 , ...,&*}, 

then k = t + 2 and 

= {1, a, a 2 } U {b, b 2 , b 1 } U {a&, ab 2 , a6*} U {6a, b 2 a, 6*a} U {6 2 , 6 3 , 6 2 *}. 
Note that equality ([I]) implies that 

{a6, ab 2 , ...,a6'} = {6a 2 , 6 2 a 4 , 6*a 2 '} 
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and thus 

t 

S 2 = {1, a, a 2 } U |J V{1, a, a 2 '} U {b t+ \ b t+2 , b 2t }. 

3=1 

Using ([21]), we get |S 2 | = 3(t + 1) + t = At + 3 = Ak - 5. □ 
We continue now with the proof of Lemma [3j 

Proof. Clearly k = k$ + t>2 + 2 = A. Let 

A = { Vl < ... < y ko } C Z 
be a finite set of k integers that defines the set 

S = b mo a Ao = {b mo a yi , ...,b mo a yk o} 

with k > 2, and let 

S t = {b m *a x >} 

for every 1 < i < t. Recall our assumption that < mo < mi < - - • < mt- 
Note that for every 1 < i < t we have mi > 0, 

= b mo+m '{a x ' +2m ' yi , ...,a x * +2mtyk o}, \S Si\ = k 

and 

SiS Q = b mi+mo {a yi+2m ° Xi , ...,a yk o +2m °^} } |^ | = k . 
We claim that 

ISoSiUSiSal^ko + l. (41) 

Indeed, if S Si = SiS , then 

{ Xl + 2 m * yi < ... < Xl + 2 m *y k0 } = { yi + 2 m ° Xl < ... < y k0 + 2 m ° Xl } 

and thus 

(2 m <> - l) Xl = (2 m * - l) Vl = ... = (2 m < - l)y k0 , 

which contradicts {y\ < ... < y ko }, in view of > 1 and fco > 2. 
Note that 

U SiS C 6 mo+m <a z , S*S t C 6 m ' +mt a z , 

for every < i < t. Moreover, S S = b 2m °a Ao+2m °* Aa , so |S S | = |A) + 2 m ° * A \ > 
2\A \ - 1 = 2k - 1. It follows by (HQ that the sets 

SqSq, SqS\ U SiSq, So St U SiSg, SiSt, SiSi 
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are disjoint and included in S 2 . Using t > 2, k > 2, ( j4~Ti) and k > 4, we conclude 
that 

|S 2 | > (ISoSol + \S St U S^ol + ... + \S Q S t U 5 t 5 |) + (l^l + ... + \S t S t \) 

> (2k - 1) + (k + 1) + ... + fa + 1) + (1 + ... + 1) = (2k - 1) + t(k + l)+t 
= 4k + (t- 2)k + 2t - 1 > 4k + 2{t - 2) + 2t - 1 = 4k + At - 5 = Ak - 5 

> 3.5A; - 4, (42) 
as required. 

□ 

Lemma 4. Le£ S C 5S' + (1, 2) 6e a /imte se£ o/ szze = Suppose that 

S = S U StU ...U S u (43) 
where t > 2. If k t = \St\ > 2 and k{ — \Si\ = 1 for every < i < t — 1, i/ien 

|S 2 | > 4A; - 5 > 3.5A; - 4. (44) 

Example 3. Inequality (|44l) is tight. 
If 

S = {l,b,b 2 ,...,b t - l }U{b t ,b t a}, 

then k = t + 2 and 

S 2 = {1, 6, 6 2 , 6 2 *- 1 } U {1, b, 6*- 1 }6*a U 6*a{l, 6, U {6 2 *, 6 2 'a, b l ab\ tfatfa}. 
Note that equality ([I]) implies that 

6'a{l, 6,. = {fe^+V,..,^" 1 ^" 1 } 

and 

{6 2 *, 6 2 *a, &*a&«, b'ab'a} = {b 2 \ b 2t a, b 2t a 2 \b 2t a 2t+l }. 

Thus 

t-i 

S 2 = {l,6,6 2 ,...,6*- 1 }U6*{l,a}U \Jb t+j {l,a,a 2J } Ub 2t {l,a,a 2 \a 2t+1 } 

i=i 

and by (JSTJ), \S 2 \ = t + 2 + 3(t - 1) + 4 = 4t + 3 = 4fc - 5. □ 
We continue now with the proof of Lemma HI 

Proo/. Clearly k = k t + t>2 + 2 = A. Let 

A = {y x < ... < y kt } C Z 

be a finite set of fc< > 2 integers, which defines the set 

S t = b mt a At = {b mt a Vl ,...,b mt a yk *} 

and let 

St = {b m >a x <} 
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for every < % < t — 1. 

Note that for every < i < t — lwe have 

S t Si = b mt+m *{a Xl+2miy \ ...,a x > +2mtyk t}, \S t Si\ = k t 

and 

SiS t = b mM {a y ^ +2mtx \ ...,a^ +2mtXl }, \SiS t \ = ki- 
lt follows, like in Lemma [31 that 

{StSiUSiStl^kt + l (45) 

for 1 < i < t - 1. 

Note that \S t S t \ > 3k t - 2, in view of Corollary H Using \S S t \ = k t , h > 2, (j4"5T) 
and k > 4, we conclude, like in Lemma [31 that 

\S 2 \ > (\S S \ + ... + \S S t \) + (\SiS t U StSxl + ... + \S t -iSt U StSt-i\ + |M|) 
> (1 + ... + 1 + k t ) + ((t - \){k t + 1) + (3k t - 2)) = Ak t + (t- l)k t + 2i - 3 
>4A; t + 4t-5 = 4A;-5>3.5A;-4, (46) 

as required. □ 

Lemma 5. Let S C .BS^l, 2) 6e a finite non-abelian set of size k = \S\ > 2. Suppose 
that 

S = S US 1 U...US t (47) 

where \Si\ = 1 /or all i and 

S l = {s l }, s t = b m *a x \ 

Denote T = S \ {so}- If the subgroup (T) is abelian, then 

|S 2 |>4£;-4. (48) 

Proof. Recall that Ms = {mo < m\ < ■ ■ ■ < m t }, where mo > 0. We notice first that 
T / since k > 2. Moreover, we claim that the sets T 2 , soT U Ts and {sq} are 
disjoint. Indeed, we have: 

(i) s 2 i T 2 , since s 2 = (b m °a x °) 2 = b 2m °a Xo+2m ° x ° and T 2 C {b m a x : m > 2m l }. 

(ii) Sq ^ (s T U Ts ), because s ^ T. 

(iii) So ^ (T), because (T) is abelian and (S) is non-abelian. This implies that 
SoT U Tso does not intersect the set T 2 . 

Notice also that |T| = t and if Sj, Sj G T, then SiSj = b mi+m ^a 2 3Xi+x J ; which implies 
that |T 2 | > | Ms \ {m } + M 5 \ {m }| > 2|M 5 \ {m }| - 1 = 2t - 1. 
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In order to complete the proof of Lemma it suffices to show that the sets soT 
and Ts are disjoint. Indeed, if that is the case, then 

\S 2 \ > |T 2 | + | So TUT So | + |{^}| 
= \T 2 \ + \s T\ + \Ts \ + \{s 2 }\ 
> {2t - 1) + t + t + 1 = At = A\S\ - 4, 

as required. 

So suppose, by way of contradiction, that 

s T n Ts ^ 0. (49) 

Note that 

s T = {s oSl , s s t } = {b m ° +m i a Xl+2miX0 , b m °+ mt a Xt+2 " Hxo }, 

and 

Ts = { Sl s , s t s } = {b mo+mi a xo+2m ° x \. . . , b mo+mt a xo+2m0xt }. 
Therefore ( T49l) implies that there is 1 < % < t such that 

and thus 

{2 mi - l)x = (2 m ° - l) Xi . (50) 
Choose an arbitrary 1 < j < t. Since (T) is abelian, it follows that 

s . s . = ffnj+m ia Xi+2 m iXj _ g _ g _ _ ymj+nii a x j +2 m o Xi 

yielding 

(2 m * - 1)^- = (2 m ' - l) Xi . 

Hence 

and from f l50|) we get 



2 m J - 1 3 



2 m i — I 

(2--l)x = (2--l)^— - Xj . 
That means that (2 m ^ - l)x = (2 mo - l)xj and thus 

It follows that So commutes with every element of T, which contradicts our assump- 
tions that (T) is abelian and (5*) is non-abelian. The proof of Lemma |5] is com- 
plete. □ 
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Lemma 6. Let S C BS + (1, 2) be a finite set of cardinality k = \S\ > 2. Suppose that 
S is a disjoint union 

S = V l UV 2 U ...UV t} (51) 

oft subsets 

V i = {s i },s i = b m *a Xi , 
of size \Vi\ = 1. If S is a non-abelian set and 1 < m t < m 2 < .. < m t , then 

|S 2 |>4A;-4. (52) 
Example 4. Inequality fl52l is tight. 

If S = {b, b 2 , U {b l a}, then k = t and S 2 is the union of four disjoint sets: 

{b 2 ,b\...,b 2t ~ 2 }, 
{b, b 2 , fo*- 1 }fo*a = {b t+1 a, b t+2 a, b^a}, 

tfafal?,...,*- 1 } = {b t+1 a 2 ,b t+2 a\...,b 2t - 1 a 2t ~ 1 } 
and {6*a6*a} = {b 2t a 2t+1 }. Therefore 

\S 2 \ = (2t - 3) + {t - 1) + (t - 1) + 1 = ik - 4. 

□ 

We continue now with the proof of Lemma [61 

Proof. If a set S satisfies all the assumptions of Lemma El then we say that S is an 
elementary set. 

Clearly t = k > 2 and we proceed by induction on t. If t = 2 , then S = {si, s 2 } 
and since sis 2 ^ s 2 s\ and s\ ^ s 2 , it follows that IS* 2 ) = 4 = 4\S\ — 4, as required. 

For the inductive step, let t > 3 be an integer, and assume that Lemma [6] holds for 
each elementary set T C BS + (1, 2) of size 2 < |T| < t — 1. Denote 

S' = S\{si}. 

In view of Lemma 0, we may assume that (S") is non-abelian. 
We shall continue by examining two complementary cases. 
Case 1: s 1 s 2 = s 2 Si. 

Choose n > 2 maximal such that the set S* := {si, s 2 , s n } is abelian. Note that 
n < t, because S in a non-abelian set, and s n+ i ^ (S*). Moreover, sis n+ i S' 2 , 
since otherwise sis n+ i = s u s v for some 2 < u,v < t and hence ft m i+ m »+i = }j<nu+m v ^ 
implying that mi < m u ,m v < m n+ i, whence 1 < u,v < n + 1 and s n+ i G (S*), a 
contradiction. Similarly s„ + iSi ^ 5" 2 . 

We claim that it suffices to show that s n+ i does not commute with s±. 

Indeed, if Sis n+ i ^ s n +i s i) then flo^l) follows from 

{s 2 , sis 2 , sis„+i, s n+ isi} CS 2 \ S' 2 
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and from the induction hypothesis for S': 

\S 2 \ > \S' 2 \ + \{sj, s lS2 , s lSn+1 , s n+lSl }\ > (A\S'\ - 4) + 4 = 4|5| - 
We shall complete the proof by showing that if 

s l s n+l = s n+l s l, 

then 

for every 1 < j < n, which contradicts the maximality of n. 

Our argument is similar to that used in the proof of Lemma [5j Denote 
x = x n -\.\ and 

s n+l = b m a x . 

We first note that (1531) implies that 



Sl s n+1 = (b mi a Xl )(b m a x ) = b mi+m a x+2 Xl 

= s n+lSl = (b m a x )(b mi a Xl ) = b m+mi a Xl 

and thus 

(2 mi - l)x = (2 m - 
Choose an arbitrary 1 < j < n. Using 

S\Sj = SjS\ 

we get, like in the proof of Lemma that 



It follows by dMD that 

(2 mi 

and since mi > 1, we may conclude that 

(2^ - l)x = (2 m - l) Xj . 

Thus SjS n+ i = s n+ iSj, a contradiction. 
Case 2: S]S 2 ^ s 2 Si. 
We claim that 

either sis 3 ^ si or S3S1 7^ si. 

Indeed, if 

S1S3 = si and S3S1 = si 

then 

(b mi a Xl )(b m3 a X3 ) = (b m2 a X2 ) 2 = (b m3 a X3 )(b m 'a Xl ) 



2 mi _ 1 



Xl 



- l)x = (2 m - 1) 



9 m j 
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and thus 

ym\+mz ( jXz+2 m a x\ _ j2rri2 a X2+2 m 2 X2 _ yrn\+m-i, a xi+2 m ^xz 

It follows that mi + m 3 — 2 m 2 and 

x 3 = x 2 (2 m2 + 1) - 2 m3 x 1 , 2 mi x 3 = x 2 (2 m2 + 1) - x x . 

Thus 

2 mi x 3 = (2 ma + l)x 2 - X! = 2 mi (2 ma + l)x 2 - 2 mi+m3 xi, 

implying that 

(2 mi - l)(2 ma + l)x 2 = (2 mi+ma - = (2 2m2 - 

Hence 

(2 mi - l)x 2 = (2 m2 - l)x h 

and 

a contradiction. The proof of our claim is complete. 
Thus 

|{sis 3 ,s 3 si} \ {s 2 2 }\ > 1. 

Since 

{si, sis 2 , s 2 si} C5 2 \ S' 2 

and 

{^3,^i}\{^}cS 2 \5' 2 ) 
it follows by the induction hypothesis for 5", that 

\S 2 \ > \S' 2 \ + \{sl, s lS2 , s 2Sl , Sl s 3 , s 3Sl } \S' 2 \> (4\S'\ - 4) + 4 = 4|5| - 4. 
The proof of Lemma [6] is complete. 



□ 



The following lemma is the main step in the proof of Theorem [7J We use an 
inductive argument analogous to that used for the proof of Lemma 2.2 in [12] (see 
also Lemma 3 in 



Lemma 7. Let S C BS + (1, 2) be a finite set of size k — \S\ > 2. Suppose that 

3 = S Q US 1 U...US t , (56) 
where t > 1. If S is a non-abelian set, then 

\S 2 \ > 3.5k -A. (57) 
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Proof. We use induction on t > 1 . Observe that when t = 1 , Lemma [7] follows from 
Lemma [2J 

For the inductive step, let t > 2 be an integer, and assume that Lemma [7] holds for 
any non-abelian finite set T C .BS^l^) which lies in it distinct cosets of (a) = a z , 
where 2 < u < t. 

Denote 

5* = 5\5 i , F = |5*| —k — kf 
If 5* generates a non-abelian group, then our inductive hypothesis implies that 

\{S*) 2 \ > 3.5k* -4, 

and it suffices to show that 

\S?\JS t S^ 1 US t - 1 S t \>3.5k t , (58) 

since inequality f l57j) then follows from 

|S 2 | > \{S*) 2 \ + \S 2 U StSt-i U S , t _i5 t | > (3.5fc* - 4) + 3.5k t = 3.5k - 4. (59) 

The proof of (j58p will be provided by examining four complementary cases. 
Case 1: Assume that either k t > 2 or > 2. 

Recall that < mo < vii\ < ... < m t and hence t > 2 implies that m t > 2. Thus, 
using either Theorem [5] or Corollary [21 we get 

|5 t 2 | > max{4fc t - 4, 1} > 3^ - 2. 

We shall examine now four subcases. 

i. If kt + 2k t -\ > 6, then fl58|) is true in view of: 

ISfuSiSt-iUSi-iStl > |5?|+|5*5 t _i| > (3k t -2)+(k t +k t ^-l) = Ak t +k t ^-3 > 3.5k t . 

If there is < j < t — 1 such that kj = \Sj\ > 2, then S 1 * generates a non-abelian 
group (in view of Lemma [1]) and we may apply the induction hypothesis. Thus, 
Lemma [7J follows from fl58|) and fl59|) . 

If kj = 1 for all < j < t — 1, then fct > 6 — 2fc 4 _! > 4, in view of (i). In this case, 
Lemma [7J follows from Lemma HI 

So we may assume that Case (i) does not hold and in particular 

k t + 2k t _ x < 5. 

Hence one of the following cases must hold: (ii) k t = 3, k t _i = 1, (iii) k t = 2, k t _i = 1 
or (iv) k t = l, k t -i = 2. 

ii. If kt — 3 and kt-\ = 1 , then Corollary [2] implies \S 2 \ > Ak t — 4 and therefore 
inequality flo^l) follows from: 

\S 2 US t St-iUSt-iS t \ > \S 2 \ + \S t S t ^\ > (Ak t -A) + (k t + k t ^-l) = 5k t -A>3.5k t . 

If there is < j < t — 1 such that kj = \Sj\ > 2, then S* generates a non-abelian 
group (in view of Lemma [1]) and we may apply the induction hypothesis. Thus, 
Lemma [7J follows from (|58|) and (159]) . 
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If kj = 1 for all < j < t — 1, then Lemma [7] follows from Lemma HI in view of 
kt = 3. 

iii. If k t = 2 and k t _i = 1, then we can write 

S t - 1 = {b"a x }, S t = {b v a y ,b v a z }, 

where 1 < u — m t _i < v = m t and y < z are integers. Using the identity a x b m = 
b m a 2mx , we get 

S^St = b u+v {a 2Vx+y , a 2Vx+z } and S t S t -i = b u+v {a 2Uy+x , a 2Uz+x }. 

Note that S t -iS t ^ S t S t -\. Indeed, if S t -iS t = StSt-i, then 2 v x + y = 2 u y + x and 
2 V X + z = 2 u z + x. Thus (2 n - l)y = (2 V - l)x = (2 U - l)z, which contradicts y < z, 
in view of u > 1. Therefore either Theorem |5] or Corollary [2] implies that 

\S 2 U StSt-i U S t ^S t \ = \S 2 \ + \StSt-! U 5 t _!^| > (3k t - 2) + 3 = 4 + 3 = 3.5fc t . 

If there is < j < t — 1 such that kj = \Sj\ > 2, then S* generates a non-abelian 
group (in view of Lemma [TJ) and we may apply the induction hypothesis. Thus, 
Lemma [7] follows from f )58|) and fl59|) . 

If fcj = 1 for all < j < t — 1, then Lemma [7J follows from Lemma HI in view of 
k t = 2. 

iv. If kt — 1 and k t -\ = 2, then we can write 

S t _ x = {b u a y ,b u a z }, S t = {b v a x }, 

where 1 < u — m t -\ < v = m t , x,y,z are integers and y < z. Using the identity 
a x b m = b m a 2mx , we get 

S^St = b u+v {a 2Vy+x , a 2Vz+x } and S t S t ^ = b u+v {a 2Ux+y , a 2Ux+z }. 

Note that S t -iS t ^ S t S t _i. Indeed, if S t -iS t = S t S t _i, then 2 v y + x = 2 u x + y and 
2 v z + x = 2 u x + z. Thus (2* - l)y = (2" - l)x = {2 V - l)z, which contradicts y < z, 
in view of v > 1. Therefore, 

\S 2 U S t St-! U S t ^St\ = \S 2 \ + \S t St-i U S t ^S t \ > 1 + 3 > 3.5fc t . 

Since = 2, Lemma [1] implies that S 1 * generates a non-abelian group and we may 
apply the induction hypothesis. Thus, Lemma [7J follows from ( 1581) and f )59l) . 
The proof in Case 1 is complete. 

Case 2: Assume that k t = k t _i = ... = k\ = 1 and and fco > 2. 
In this case, Lemma [7J follows form Lemma 

Case 3: Assume that k t = k t _i = 1 and there is 1 < j < t — 2 such that kj > 2 
and ki = 1 for every i e {j + 1, t}. 
Let 



5j = 6^a^ = {6 m ^a yi , ...,6 m ^a^ } 
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and let S$ = {b m a Xi } for every i e { j + l,...,t}. Clearly \SjSi\ = \SiSj\ = kj and 
using the reasoning in the proof of Lemma [31 we get 

{SjSiUS^jl > kj + 1 (60) 

for every i G {j + 1, ...,£}. 

Note that kj > 2, so by Lemma [1] the set 

S* = So U Si U ... U Sj 

is non-abelian. By applying the inductive hypothesis to S* and in view of (!60|) . we 
obtain 

t t 
\S 2 \>\S*S*\+ £ \SjS u US u Sj\+ \ S uSt\ (61) 

u=j+l u=j+l 

>(3.5\S*\-A) + (k J + l)(t-j) + (t-j) 

= (3.5|S*| - 4) + (kj + 2)(t- j) > (3.5|S*| - 4) + 4(t - j) 

= (3.5|S*| - 4) + 4(Jfe - (S 1 *!) = 4Jfe - 4 - 0.5|S'*| > 3.5A; - 4, (62) 

as required. 

Case 4: Assume that ki = 1 for every < z < £. 

If the set S' = S \ {sq} is abelian, then Lemma implies that 

|S 2 | > 4|S| - 4> 3.5Ac — 4, 

as required. Therefore, we may assume that S' = Si U S 2 U ... U S t is non-abelian. 
Since t > 2, it follows that = t + 1 > 3 and Lemma M implies that 

\S ,2 \ > 4|S'| -4. (63) 

Moreover,^ 2 ,, s Si} C5 2 \ S' 2 . 

We distinguish now between two complementary cases. 

(a) If k = \S\ > 4, then 

\S 2 \ > \S' 2 \ + 2>A(k-l)-A + 2 = Ak-Q> 3.5k - 4, 

as required. 

(b) If k = 3, then S = {so, s±, S2}, S' = {s\, s 2 }, sis 2 7^ s 2 si, \S' 2 \ =4 and 

S 2 = {Sq, SqSi, SiSq, S0S2, S2S0} U S' 2 . 

We claim that 

either s s 2 7^ s 2 or s 2 s 7^ s 2 . (64) 

Indeed, if 

S0S2 = s 2 and S2S0 = s 2 

then 

(6 OTo a a!o )(6 m2 a :E2 ) = {b mi a Xl ) 2 = (b m2 a X2 )(b m °a x °) 
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and thus 

^■m +m2 g X2+2 rn 2 Xo _ ^2mi x\ _ ffn2+m a x +2 m 0x2 

It follows that rriQ + m 2 = 2m\ and 

2 m2 x = xx(2 mi + 1) - x 2 , x = a; 1 (2 mi + 1) - 2 m °x 2 . 

Thus 

2 m2 x = xi(2 mi + 1) - x 2 = 2 m2 (2 mi + l)xi - 2 m2+m °x 2 , 

implying that 

(2 m2 - l)(2 mi + l) Xl = (2 mo+m2 - l)x 2 = (2 2mi - l)x 2 . 

Hence 

(2 m2 - l)xi = (2 mi - 1> 2 

and s\s 2 = s 2 si, a contradiction. 
We conclude that 

|S 2 | > |{4 s s 1} s s 2 , s 2 s } \ S' 2 \ + \S' 2 \ > 3 + 4 = 7 > 3.5|5| - 4. 

The proof of Lemma [7] is complete. 

Proof of Theorem [7| 

Let S be a finite set satisfying the assumptions of Theorem [71 Inequality 

\S 2 \ < 3.5k -4 



□ 



S = S n = 6 mo a Ao , 



and Lemma [7J imply that 

5 = So 
where itlq > 0. 

The set S is non-abelian, so niQ > 1. If mo > 2, then Corollary [2] implies that 
IS 12 1 > 4k — 4 > 3.5k — 4, which contradicts our hypothesis. Therefore 

5 = S = ba A . 

Theorem [7J now follows from Theorem [5j □ 
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